Abstract. We present a monolithic semi-implicit algorithm for solving fluid-structure interaction problem at small structural displacements. The algorithm uses one global mesh for the fluid-structure domain obtained by gluing the fluid and structure meshes which are matching on the interface. The continuity of velocity at the interface is automatically satisfied and the continuity of stress does not appear explicitly in the global weak form due to the action and reaction principle. At each time step, we have to solve a monolithic system of unknowns velocity and pressure defined on the global fluid-structure domain. Numerical results are presented.
Introduction
We propose in this paper a monolithic semi-implicit algorithm to solve fluid-structure interaction problem at small structural displacements. The fluid is assumed to be governed by Navier-Stokes equations and the structure is governed by linear elasticity equations. Usually, the structure equations are written using Lagrangian coordinates and the fluid equations are written in the Eulerian framework. But the boundary conditions at the fluid-structure interface are easily implemented when the structure equations as well as the fluid equations are written in the Eulerian domain. We have introduced a global fluid-structure mesh obtained by gluing the fluid and structure meshes which are matching on the interface. An approach using a global fluid-structure mesh has been presented in Dunne (2006) for immersed interface problems, but the global mesh is fixed and the position of the fluid-structure interface is determined at each time by the level set method.
We have defined the fluid-structure pressure by extending the fluid pressure on the structure domain. At each time step, we have to solve a linear system of unknowns velocity and pressure defined on the global fluid-structure domain. We point out that the global mesh is moving in time contrary to Dunne (2006) . Since the velocity is continuous all over the global domain, the continuity of the velocity at the interface is automatically satisfied. Moreover, the test functions are globally continuous and using the action and reaction principle, the continuity of stress at the interface does not appear explicitly in the global weak formulation.
Monolithic implicit algorithms for solving nonlinear fluid-structure interaction were introduced in (Dunne 2006 , Heil et al. 2008 , Hubner et al. 2004 . In Hron and Turek (2006) , the algorithm use the same time discretization scheme for the fluid and structure equations where the global nonlinear algebraic system was solved by Newton method and in Heil et al. (2008) the author has compared the CPU time between a monolithic algorithm and an implicit partitioned procedures one. The paper Hubner et al. (2004) deals with space-time finite elements for solving the monolithic algorithm. Space-time finite element techniques for fluid-structure interactions problems are presented in Tezduyar et al. (2006) .
The term "semi-implicit" used here means that the interface between the fluid and the structure is computed in explicit way while the fluid-structure velocity and pressure in implicit way. Semi-implicit algorithm based on Chorin-Temam projection method was introduced in Fernàndez et al. (2007) , where the main idea was to decouple the fluid velocity computation from the strong coupled fluid-structure system which involves only the pressure and the structure velocity as unknowns. Other semi-implicit partitioned procedures algorithms have been used in (Badia et al. 2008a ,b, Murea 2008 , Murea and Sy 2009 , Sy and Murea 2008 , Quaini and Quarteroni 2007 for fluid-structure interaction problem. The advantage in general to use the semi-implicit algorithm instead of the implicit one is that, with the semiimplicit algorithm, the geometric non-linearity disappears. Semi-implicit monolithic algorithms based on algebraic approaches can be found in (Badia et al. 2008a,b, Quaini and Quarteroni 2007) .
The method that we use in this paper is different from the methods proposed in the papers cited before:
-the continuity of stress is canceled from weak formulation of the coupling system and the continuity of velocity is automatically satisfied, contrary to (Badia et al. 2008a,b, Quaini and Quarteroni 2007) where the load from the fluid acting on the structure have to be computed; -the characteristic functions used here give the freedom to choose the fluid and structure time discretization schemes independently, contrary to Hron and Turek (2006) where the same time discretization schemes is employed all over the domain; we employ a first order time-discretization scheme for the fluid equations and a second order time-discretization scheme for the structure equations, without demonstrating that our algorithm is more accurate than an algorithm which uses a first order time discretization for both fluid and structure problems; -the fluid-structure interface is computed in explicit way allows to know at each time step the position of the interface, contrary to Dunne (2006) where the position of the interface is determined by the level set method.
Problem setting
We are interested by fluid-structure interaction problem in two dimensions. Let us denote by the undeformed structure domain and we suppose that its boundary admits decomposition , with and (see Fig. 1 at the left). We denote by the initial fluid domain bounded by: Σ 1 the inflow section, Σ 2 the bottom boundary, Σ 3 the outflow section and the top boundary. The boundary is common of both domains and it represents the fluid-structure interface. We have assumed that and are opened sets and we denote by the initial fluid-structure domain. We have added in order to get a connected domain. Under the action of the fluid stress, the structure will be deformed. At the time instant t, the fluid occupies the domain bounded by the moving interface and the rigid boundary
and the structure occupies the domain bounded by fluid-structure interface , the rigid boundary and the top boundary (see Fig. 1 at the right). The fluid-structure domain at time instant t will be denoted by . We suppose that the fluid is governed by Navier-Stokes equations and the structure is governed by linear elasticity equations. The coupling between the fluid and the structure is realized through two boundary conditions at the interface, namely, the continuity of the velocity and the equality of the stress. At each time , we are interested to know: the fluid velocity = , the fluid pressure and the structure displacement . The Arbitrary Eulerian Lagrangian (ALE) transformation is well adopted to solve fluid equations in moving domain (see Quarteroni and Formaggia (2004) We assume that the fluid-structure interaction is governed by the following equations Navier Stokes equations (12) where the rate of strain tensor is denoted by and the stress tensors are Moreover, is the mass density of the fluid (respectively the density mass of the structure), µ F is the viscosity of the fluid (respectively µ S , and λ S are the Lamé's coefficients), f F = are the applied volume forces of the fluid, in general the gravity forces, (respectively f S = the applied volume forces on the structure), h in (respectively h out ) is the prescribed boundary stress on Σ 1 (respectively on Σ 3 ), n S = is the structure unit outward normal to , n F = is the fluid unit outward normal to and I 2 is the unitary matrix. Without risk of confusion, we use the same notation ∇ for the gradient operator with respect to Lagrangian coordinates X or Eulerian coordinates x. We use the same convention for the divergence and Laplacian operators.
Time discretization
The time discretization of the fluid equations is based on the backward Euler scheme and a linearization of the convective term. We use a Newmark scheme of second order for the time approximation of the structure equations. Let N be the number of time step and ∆t = T/N the time step. We set t n = n∆t for all n = 0, ... ,N the subdivision points of [0,T] . We denote by the approximations of , respectively, and v
We define the velocity of the fluid domain as solution of (13) For the ALE domain, we set and for all n = 0, ... ,N − 1, we denote by the map from to R 2 defined by
We set and we define the map:
then, we may observe that . We define the fluid velocity (respectively the fluid pressure at time instant t n + 1 on by , , 
Discrete fluid equations
Discrete structure equations 
where Remark 1. The system (20), (24), (25) is a system of three vectorial unknowns and three vectorial equations, we can reduce it to a system where the only unknown is the structure velocity. For that we have to express the displacement and the acceleration in function of the velocity from (25) and (24), see Murea (2008) for the details.
We now define the space of test functions for the structure velocity Let us multiply the Eq. (20) by a test function and we integrate it over the domain by part, using the corresponding boundary conditions and following the remark (1), we get the following discrete structure weak form Find such that:
where and
Monolithic formulation for the fluid-structure equations
In this section, we will formulate the fluid-structure interaction problem as a monolithic system, for that we need to define one single vector field for the velocity and to extend the fluid pressure and fluid mesh velocity on the fluid-structure domain . We denote the fluid-structure velocity by and we define the time approximation of the fluid-structure velocity, displacement and acceleration by
The characteristic functions related to the fluid domain and structure domain : are defined by We denote by Ω n the time approximation space of Ω t and we define the space of test functions for the fluid-structure velocity by
In order to write the structure equations on the intermediate domain Ω n . Let us denote by the map which is defined by:
. Therefore, we have where J n = det(I 2 + u n ). In our case, we recall that we work with the small structural displacements, therefore J n can be approximate by 1. Now applying this theory to our system (30), we can approximate it by the following: (31) where and The fluid-structure mesh velocity is obtained as the extension of the fluid mesh velocity on whole domain Ω n (32) Remark 2. We can notice that is a curve which separates and , therefore the problem (32) is well posed.
We introduce a global pressure , which coincides with the fluid pressure p F on the fluid domain . The value of p on the structure domain has no physical signification. We will return to this point later. We denote by the time approximation of p at t n + 1 . The space of test function for the pressure is denoted by . From (27), we have (33) Using the fluid characteristic function, we can replace (28) and (29) by Find and such that (35) where Now using the identity (33) and summing up the Eqs. (31) and (34), we get after adding the Eq. 
The fluid-structure displacement at time instant t n + 1 on can be computed from (24), (25) and from the remark (1), as following (38) The fluid-structure acceleration is obtained by combining (24), (25) (39) We define the map by:
We set
and we can observe that
We now define the fluid-structure velocity and pressure defined on the current time domain, v n + 1 : and by , ,
In the similar way, we define the fluid-structure displacements and acceleration at time instant t n + 1 on and by , ,
In order to solve the linear system obtained from (36), (37) after the finite elements discretization, we choose the direct solver LU. The linear system has form (41) where and the matrices are defined by and with φ i (respectively π i ) the velocity (respectively the pressure) finite element shape functions. The unknowns are: V the velocity vector, P F the pressure vector on the mesh nodes in the fluid domain including the fluid-structure interface, P S the pressure vector on the mesh nodes in the structure domain excluding the fluid-structure interface.
We can remark that this system has non unique solution, because the pressure P S can take any value. To get round this difficulty we have added to the system (36), (37) the term and the global matrix becomes: (42) where
with nv the number of vertices of the fluid-structure mesh. The influence of ε the regularization parameter will be analyzed in the section devoted to numerical results.
Remark 3. We approach the global pressure by P 1 finite element functions, which are globally continuous.
From (42), we obtain that P S = 0. We insist on the fact that P S represents the pressure on the mesh nodes in the structure domain, excluding the fluid-structure interface, so the computed pressure is not zero on the interface.
Algorithm We have employed the following algorithm to implement numerically the linear system (36), (37). We assume that we know .
Step 1: Compute from (32).
Step 2: Solve the linear system (36), (37) by LU on the mesh T n of Ω n . Get the fluid-structure velocity and pressure .
Step 3: Compute the fluid-structure displacement from (38) and acceleration from (39).
Step 4: Build mesh + 1 as image of by the map (40) and save the mesh + 1 , the velocity , the pressure p n + 1 , the displacement and the acceleration .
Numerical results
We are motivated by fluid-structure interaction problems with application to haemodynamics. The fluid is the blood and the structure represents the artery. But before simulating real three dimensional applications, it is important to test our method on an academic case.
Physical parameters
We consider the following data for the numerical computations: the length of the fluid domain is L = 6 cm and its height H = 1 cm. The viscosity of the fluid was fixed to be µ = 0.035(g/cm·s), its density ρ F = 1(g/cm
3
) and the volume force in fluid is f F = (0, 0)
T . The prescribed boundary stress at the outflow is h out (x, t) = (0, 0)
T and at the inflow is:
The thickness of the elastic wall is h S = 0.1 cm, the Young modulus E = 3·10
), the Poisson ratio ν = 0.3, the mass density ρ S = 1.1(g/cm
) and the volume force is f S = (0, 0)
T . The Lamé's coefficients are computed by the formulas
Numerical parameters
The computation has been made on a computer with two processors of 2.20 GHz frequency. The
numerical tests have been performed using FreeFem++ (see Hecht et al.) . We have chosen the following parameters: δ = 0.5 and θ = 0.3 for the Newmark scheme, ∆t = 0.001 s the time step and N = 100 the number of time step. We denote by m the number of eigenfunctions when the structure problem is solved by modal decomposition method in the case of partitioned procedures algorithm.
CPU time for monolithic algorithm
The number of segments on the fluid-structure interface is denoted by nsFS. We have used for the fluid-structure a reference mesh of number of triangles nt = 2426 and number of vertices nv = 1305. For the finite element approximation of the fluid-structure velocity, we have used the triangular finite element P 1 + bubble and we have employed for the pressure the finite element P 1 . For the characteristic functions, the triangular finite element P 0 was used on each triangle. The linear fluidstructure system is solved using LU solver where the continuity of velocity is automatically satisfied and the continuity of stress does not appear in the global weak form. We have summarized in the Table 1 the CPU time for monolithic algorithm when different values of segments on the interface have been considered: nsFS = 80, nsFS = 100 and nsFS = 120. The degree of freedoms computed in the Table 1 are obtained from the formulas: Dof = 2(nv + nt) + nv = 3nv + 2nt, where 2(nv + nt) is considered for velocity and nv for the pressure.
Influence of the regularization parameter
In order to analyze the influence of ε the regularization parameter in (42), we introduce the following norm Let us consider the solution obtained for ε = 10 −6 as the reference solution . We have used N = 20 the number of time steps, ∆t = 0.001 the time step and nsFS = 120 the number of segments on the interface.
We conclude that the introduction of the regularization parameter does not change significantly the computed solution. 
----------------------
Fluid-structure mesh The system (36), (37) is a linear system of unknowns velocity and pressure defined on the whole fluid-structure domain. The mesh of the fluid-structure domain Ω n is obtained by gluing the fluid and structure meshes which are compatible at the interface. The numbers of vertices and triangles of the global mesh are given by the formula nv = nvF + nvS − (nsFS + 1) nt = ntF + ntS
We plotted the global fluid-structure mesh and separately the fluid and structure meshes, see Fig. 2 .
Behavior of the solutions Fluid-structure velocities and pressure at three time instants are plotted in Figs. 3 and 4. 
Conclusions
A monolithic semi-implicit algorithm for fluid-structure interaction problem at small structural displacement was presented. This algorithm use a global fluid-structure mesh obtained by gluing the fluid and structure meshes which are matching at the interface. The characteristic functions were introduced in order to be able to choose independently the time discretization schemes of the fluid and structure. The continuity of velocity at the interface is automatically satisfied by using one velocity vector field and the continuity of stress is canceled from the weak form. Therefore the fluidstructure problem was written as a linear system of unknowns velocity and pressure. We used the LU solver in order to solve numerically the system. With this monolithic approach the CPU time is considerably small.
In the future works, we will replace the linear structure model by the nonlinear Saint-Venant Kirchhoff model.
